Abstract. Let E be an elliptic curve defined over Q and P ∈ E(Q) a rational point of infinite order. Suppose that E has complex multiplication by an order in the quadratic imaginary field k. Denote by M E,P the set of rational primes such that splits in k, E has good reduction at , and P is a primitive point modulo . Under the generalized Riemann hypothesis, we can determine the positivity of the density of the set M E,P explicitly. §0. Introduction
§0. Introduction
The well-known Artin's primitive root conjecture was proved by Hooley in [6] under the assumption of the generalized Riemann hypothesis (GRH). There are various types of analogous primitive root problems. For example, the quadratic analogue in [2] and [10] , the analogue for one-dimensional tori over the rational numbers in [3] and over the function fields in [4] , and the r-rank analogue in [1] and [9] . In this paper we consider the analogue for elliptic curves following [5] and [8] . Let E be an elliptic curve defined over the rational numbers Q and P ∈ E(Q) a rational point of infinite order. For a rational prime , P is called a primitive point for the prime if the reductionP of P modulo generatesĒ(F ). Lang and Trotter conjectured in [8] that the density of primes for which P is a primitive point always exists. In that paper, only a necessary and sufficient condition for a prime q to divide the index [Ē(F ) :<P >] was formulated which accomplished an algebraic step in line with Hooley's proof in [6] . The first break of this conjecture was struck by Gupta and Murty [5] in the case that E has complex multiplication (CM) by the maximal order O k of a quadratic imaginary field k. In [5] , they treated the splitting primes and proved the existence of the density in question under the assumption of the generalized Riemann hypothesis GRH. The positivity of density was also checked in their paper in some special cases. More precisely, they showed:
Theorem. (Gupta-Murty, [5] ) Let E be an elliptic curve defined over Q with CM by O k . Denote by M E,P the set of rational primes such that splits in k, E has good reduction at , and P is a primitive point for . Assuming 
GRH, then (a) The density den(M E,P ) exists. (b) Suppose further that 2 or 3 are inert in k or k = Q( √ −11). Then the density den(M E,P ) is positive.
According to this theorem, only the following cases were shown that M E,P has a positive density:
), Q( √ −19), Q( √ −43), Q( √ −67), Q( √ −163).
It is not difficult to check that for these cases the Mordell-Weil group E(Q) always has trivial torsion part, and furthermore E tor (k) is trivial (Lemma 1.1). For the case k = Q( √ −7) and E has CM by O k . one checks that E [2] ⊂ E(k), hence the density of M E,P is 0. In this paper we will relate the positivity of the density with the torsion part of the Mordell-Weil group in all cases.
For an ideal q of k, we let q
P denote any point Q in E(C) such that if q is generated by a then [a]Q = P holds. Thus q −1 P is determined up to translation by q-torsion points and complex multiplication by units in O k . The starting point in [8] is the following divisibility criterion. (2) If q ramifies or splits in k, let q = q 1 q 2 be its factorization in k, then
Suppose that E has CM by the order O in k. Let f be the conductor of
We list all cases other than the cases already considered by [8] 
For the case k = Q( √ −3) with f = 3, there exists a rational 3-isogeny φ 3 :
2), hence one reduces the density problem to the curve E with the point P replacing P .
Note that if conductor f = 2, then 2 | #E tor (Q). For a rational prime q = 2, the Gupta-Murty's divisibility criterion can still be applied. For q = 2, we have to modify the criterion by writing down an explicit rational 2-isogeny φ 2 
The density of M E,P can be factored as follows:
Here δ represents the density of degree one primes in k which do not splits completely in L m,n , where m ranges over divisors of (6∆ E ) divisible only by primes of degree 1, and n ranges over divisors of 6∆ E . Hence in order to show den(M E,P ) is positive, it is enough to show that δ is positive. In the case f = 2, we can replace L q , q | (2), by the field k(φ −1 2 P ) coming from the rational 2-isogeny φ 2 , because of Lemma 1.2. In section 1, we give some lemmas that will be used to show the positivity of δ. In section 2, 3, and 4 we completely determine the positivity of δ for the case 
In the last section, we apply our main theorem to a "horizontal"class number one problem (cf. [13] ) for genus one real quadratic function fields over Q. §1. Some Lemmas.
In this section, we will give five lemmas: the first one shows that E tor (k) is trivial for all the curves E considered in [5] , the second and the third one give a criterion for the index [Ē(F ) :<P >] to be even in the case f = 2, the fourth one is a lemma from [5] used to show the positivity of δ, and the last one is a new one for the same purpose as the fourth one.
Suppose that E has complex multiplication by 
We will apply Lemma 1.2 to the following 2-isogeny over a number field F :
where a, b ∈ F . In this case it is also easy to compute
Proof. One checks that
The next Lemma is the key in [5] to show the positivity of the density. 
Proof. See [5] , Lemma 12.
In our cases the situation is more subtle, so we will need a more technical lemma. Proof. Let θ represent the density of first degree prime ideal of
Then L 1 and L 2 are the only intermediate fields between K and the compositum L 1 L 2 . Now set the following nonempty subsets of T :
(where
. Now set the following nonempty subsets of T :
Then we have
Note that if #T 1 ∪ T 2 = 1, then #T 1 = #T 2 = 1 and one has
and one has
Note the equality holds if and only if #T 1 = #T 2 = 2, #T 3 = 1, #T 1 ∪ #T 2 = 3, and d i = 3 for all i ∈ T 1 ∪ T 2 , which will imply p = 3. Therefore we can conclude that θ > 0. §2. The Cases:
and it can be given by
x, for some square free integer D. Similar to Lemma 1.1, one can check that E tor (Q) ∼ = E tor (k) ∼ = Z/2Z. And we can explicitly describe the 2-isogeny φ 2 = [ √ −2] as follows:
For a prime ideal ℘ in k, one can compute the degree of the ray class field k(℘) over k:
Given integral ideal ℘ of k, we let k(℘) denote the corresponding ray class field over k.
Observe that for all
Then L ℘ 0 is a quadratic extension over k. Let θ 2 represent the density of splitting primes which do not split completely in L ℘ 0 , or any field k ℘ , ℘ ∈ I. Then one has δ ≥ θ 2 . So it is enough to show θ 2 > 0. Observe that for any Q ∈ E(Q), the equation defining E forces x(Q) to be always divisible exactly by even powers of 3. Therefore ℘ 1 and
We next consider k = Q( √ −7) with f = 2. i.e. E has CM by Z + 2O k , then E has j-invariant 3 
We have the following 2-isogeny φ 2 :
We note that 2 splits in k, say (2) = ℘ 1 ℘ 2 and 3 is inert in k.
and the ray class fields k(℘)'s, ℘ ∈ I, are linearly disjoint over k. 
Now we consider k = Q( √ −1). There are two cases:
and it can be given by E D : y
For prime ideals ℘ in k, one computes the degree of the ray class field k(℘) over k:
We start with the first case f = 1. Recall the following Lemma 3.1.1.
Proof. Note Q ∈ E D [3] if and only if 2Q = ±Q. Then use the doubling formula, one can obtain two points (
, and k( 
, and k(
In what follows, we let ν p (D) denote the p-adic order of the integer D. Proof. Note that the fields k ℘ 's, ℘ ∈ I \ {(3), ℘ 1 , ℘ 2 } are linearly disjoint over k and these ideals (3) and ℘ j , j = 0, 1, 2 are unramified in the compositum F = 
. Since the three primes ℘ = (3), ℘ 1 , ℘ 2 are unramified in L, the corresponding valuations of (−3D
must be congruent to 0 modulo 2. To complete the proof, it is enough to show that for any integers i 0 , i 1 , i 2 , not all congruent to 0 modulo 2, the valuations at ℘ = (3) or ℘ j 's of (−3D
are not all congruent to 0 modulo 2. This is equivalent to that the following system of linear congruence equations modulo 2 has only the trivial solutions
δ > 0 if and only if |D| is not a perfect square and there exists no
Proof. If |D| is a perfect square (resp. there exists
So it is clear that δ = 0. Suppose that |D| is not a perfect square and there exists no x. And we can explicitly describe the 2-isogeny φ 2 as follows:
Note that for any prime
Lemma 3.2.1. For ℘ ∈ I, choose k ℘ as follows:
We also have Proof. Following the proof of Lemma 3.1.4, observe that for any integers i 0 , i 1 , i 2 , not all congruent to 0 modulo 2, the valuation of (−3)
won't be congruent to 0 modulo 2 at the same time for ℘ = (3), ℘ 1 and ℘ 2 . Hence the fields k ℘ 's, ℘ ∈ I, are linearly disjoint over k.
δ > 0 if and only if there exists no
Proof. Suppose there exists no Q ∈ E D (k) such that P = φ 2 (Q ). Then K 2 and k φ −1 2 P are both quadratic extensions over k. Let θ 3 represent the density of splitting primes which do not split completely in K 2 , or k φ −1 2 P , or any field k ℘ , ℘ ∈ I. Then similar to the proof of Proposition 3.1, one has δ ≥ θ 3 
We consider k = Q( √ −3). there are only three cases:
(1) f = 1. i.e. E has CM by O k . Then E has j-invariant 0and it can be given by E D : y 
> 2 otherwise. Now we consider the first case f = 1.
Lemma 4.1.1. Note the multiplication by λ 0 is a 3-isogeny from E D to itself, which is defined over k, and is given by
if and only if Q = 2ω · Q and then use the doubling formula.
Proof. Note Q ∈ E D [λ 3 ] if and only if (1−ω)Q = 2ωQ. From the doubling formula,
, one has the x-coordinate of Q must be a root of the equation
this implies that
. Taking conjugation, one can conclude that
. And for ℘ = ℘ 0 , choose k ℘ as follows:
Proof. Note that the fields k ℘ 's, ℘ ∈ I\{(2), ℘ 1 , ℘ 2 , ℘ 3 , ℘ 4 } are linearly disjoint over k and these ideals (2) and ℘ j , for all 0 ≤ j ≤ 4, are unramified in the compositum
It is enough to show that for any integers i 0 , i 1 , i 2 , i 3 , i 4 , not all congruent to 0 modulo 3, the valuation of the product
is not congruent to 0 modulo 3 at either ℘ = (2) or one of the ℘ j 's. This is equivalent to that the following system of linear congruence equations modulo 3 has only the trivial solutions
If ν 3 (D) ≡ 0 mod 3 or ν 2 (D) + ν 7 (D) + 2ν 13 (D) ≡ 0 mod 3, then it is easy to check that the system has only the trivial solution.
Proof. According to Lemma 4.1.5, may assume
Then the set of solutions of the system ( 1) can be parameterized by 4 , not all congruent to 0 modulo 3, consider whether the valuation of the product
is congruent to 0 modulo 3 at ℘ = (2) or ℘ j 's. This is equivalent to consider the following system of linear congruence equations modulo 3:
Since
≡ 0 mod 3, the set of solutions of the above system can be parameterized by
Then similar to the proof of Lemma 4.1.6, one can find℘ ∈ {(2), ℘ 1 , ℘ 2 , ℘ 3 , ℘ 4 } such that K 3 and the fields k ℘ 's, ℘ ∈ I \ {℘} are linearly disjoint over k. . We have the 2-isogeny
Lemma 4.2.1.
We have
, and
are normal extension over k with degree dividing 3; otherwise let
which is a quadratic extension over k. And for ℘ = ℘ 0 , choose k ℘ as follows:
Observe that for all (2) is only ramified in K 2 among these fields) and these ideals ℘ j 's are unramified in the compositum K 2 ℘∈I,℘ =(2),℘ =℘ j k ℘ . Now it is clear that for any integers i 1 , i 2 , i 3 , i 4 , not all congruent to 0 modulo 3, the valuation of (4ω
is not congruent to 0 modulo 3 at ℘ j 's. Hence (2) is totally ramified in both K 2 and K 3 , so it is totally ramified in the compositum K 2 K 3 . But it is unramified in the compositum ℘∈I,℘ =(2),℘ =℘ j k ℘ . Hence K 2 , K 3 and the fields k ℘ 's, ℘ ∈ I, ℘ = (2), ℘ = ℘ j are linearly disjoint over k.
Again similar to the previous proof, it is clear that for any integers i 1 , i 2 , i 3 , i 4 , not all congruent to 0 modulo 3, the valuation of (4ω
is not congruent to 0 modulo 3 at ℘ j 's. Hence K 2 , K 3 and the fields k ℘ 's, ℘ ∈ I \{(2)}, are linearly disjoint over k.
Proof. (a) Suppose that there exists no Q ∈ E D (k) such that P = φ 2 (Q ). Then k ℘ 0 and k (2) 
otherwise.
Observe that for all ℘ ∈ I, [k ℘ : k] ≥ 3. Proof. Among these fields, ℘ 0 only ramifies in k( 3 √ 3) and (2) only ramifies in k (2) .
As in Lemma 4.2.3 one checks that they are linearly disjoint over k. 
Proof.
Suppose that there exists no Q ∈ E D (k) such that P = φ 3 (Q ). Then k ℘ 0 is a cubic extensions over k. Let θ 8 represent the density of splitting primes which do not split completely in k ℘ 0 , or k(
